28/11/23, 19:03 ANOVA with post-hoc Tukey HSD Test Calculator with Scheffé and Bonferroni multiple comparison - Results

One-way ANOVA with post-hoc Tukey HSD Test
Calculator

.....wWith Scheffée, Bonferroni and Holm multiple comparison
calculation also provided

Your input data on k=4 independent treatments:

Treatment — A B C D

66.0 | 63.0 | 58.0 | 61.0
; 65.0 | 68.0 | 64.0 | 72.0
{ Input Data — | 67.0 | 71.0 | 66.0 | 65.0
: 61.0 | 66.0 | 60.0 | 67.0
72.0 | 62.0 | 62.0 | 66.0

Descriptive statistics of your k=4 independent treatments:

Treatment — A B C D Pooled Total
observations N 5 5 5 5 20

sum > x; 331.0000 330.0000 310.0000 331.0000 | 1,302.0000
mean T 66.2000 66.0000 62.0000 66.2000 65.1000

sum of squares Zx? 21,975.0000 | 21,834.0000 | 19,260.0000 | 21,975.0000 | 85,044.0000

sample variance s 15.7000 13.5000 10.0000 15.7000 14.9368
sample std. dev. s 3.9623 3.6742 3.1623 3.9623 3.8648
std. dev. of mean SE; 1.7720 1.6432 1.4142 1.7720 0.8642

One-way ANOVA of your k=4 independent treatments:

source sum of degrees of | mean square F statistic | p-value
squares SS | freedom v MS
treatment 64.2000 3 21.4000 1.5592 | 0.2381
error 219.6000 16 13.7250
total 283.8000 19

Conclusion from Anova:

The p-value corresponing to the F-statistic of one-way ANOVA is higher than 0.05, suggesting that the treatments

i are not significantly different for that level of significance. The Tukey HSD test, as well as other multiple
comparison tests like Scheffe or Bonferroni, might not narrow down which of the pairs of treatments are
significantly different. Even though your data does not suggest the presence of significatly different treatment
pairs in one-way ANOVA, we proceed witht he multiple conparison tests. In some instances, a Bonferroni test of a
small set of pairs might show significance, even though 1-way ANOVA suggests that there is too much noise and
randomness in your data.

Tukey HSD Test:
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: The p-value corrresponing to the F-statistic of one-way ANOVA is lower than 0.05 which strongly suggests that
one or more pairs of treatments are significantly different. You have k = 4 treatments, for which we shall apply
Tukey's HSD test to each of the 6 pairs to pinpoint which of them exhibits statistially significant difference.

We first establish the critical value of the Tukey-Kramer HSD () statistic based on the k = 4 treatments and
v = 16 degrees of freedom for the error term, for significance level a= 0.01 and 0.05 (p-values) in the

Studentized Range distribution. We obtain these ctitical values for @, for a of 0.01 and 0.05, as Qf;tg’cill’k:‘l"j:w =

5.1924 and Qa:.().‘05’k:4”’:16 = 4.0464, respectively. These critical values may be verified at several published
critical

tables of the inverse Studentized Range distribution, such as this table at Duke University.

Next, we establish a Tukey test statistic from our sample columns to compare with the appropriate critical value of
the studentized range distribution. We take the Tukey-Kramer confidence limits as documented in the NIST
Engineering_Statistics Handbook and make simplyfying algebraic transformation. We calculate a parameter for
each pair of columns being compared, which we loosely call here as the Tukey-Kramer HSD (Q-statistic, or simply
the Tukey HSD @Q-statistic, as:

0 |Z; — T
b T o
Si, j
where the denominator in the above expression is:
e . o,
S, j = ,7=1,...,k; i #7.
H;

. The quantity H; ; is the harmonic mean of the number of observations in columns labeled 7 and j. Note that when
the sample sizes in the columns are equal, then their harmonic mean is simply the common sample size. When
the sample sizes of columns in a pair being compared are different, the harmonic mean lies somewhere in-
between the two sample sizes. The relvant harmonic mean is required for applying the Tukey-Kramer procedure
for columns with unequal sample sizes. The quantity 6. = 3.7047 is the square root of the Mean Square Error =
13.7250 determined in the precursor one-way ANOVA procedure. Note that &, is same across all pairs being

Oe

VH

compared. The only factor that varies across pairs in the computation of s; ; = is the denominator, which is

the harmonic mean of the sample sizes being compared.

The test of whether the NIST Tukey-Kramer confidence interval includes zero is equivalent to evaluating whether
Qi,j > Qeritical, the latter determined according to the desired level of significance a (p-value), the number of
treatments k and the degrees of freedom for error v, as described above.

post-hoc Tukey HSD Test Calculator results:

k = 4 treatments
degrees of freedom for the error term v = 16
Critical values of the Studentized Range () statistic:

a=0.05,k=4,v=16
critical

Qo001 k=4=16 = 4.0464

critical

= 5.1924 Q

We present below color coded results (red for insignificant, green for significant) of evaluating whether

Qi,j > Qcritical fOr all relevant pairs of treatments. In addition, we also present the significance (p-value) of the
observed Q-statistic (); ;. The algorithm used here to calculate the critical values of the studentized range
distribution, as well as p-values corresponding to an observed value of Qi,j, is that of Gleason (1999). This is an
improvement over the Copenhaver-Holland (1988)_algorithm deployed in the R statistical package.

Tukey HSD results

treatments | Tukey HSD | Tukey HSD | Tukey HSD

pair Q statistic p-value inferfence

Avs B 0.1207 | 0.8999947 | insignificant
Avs C 2.5350 | 0.3126036 | insignificant
AvsD 0.0000 | 0.8999947 | insignificant
BvsC 2.4143 | 0.3526589 | insignificant
BvsD 0.1207 | 0.8999947 | insignificant
CvsD 2.5350 | 0.3126036 | insignificant
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Scheffé multiple comparison

We define a statistic named 1" as the ratio of unsigned contrast mean to contrast standard error, as explained in
the NIST Engineering_Statistics Handbook page for Scheffe's method . It can be show that for contrasts that are
treatment pairs (4, j) with unit coefficents,

T, = b
N
\/5

where Qi,j is the (Q-statistic that was created for the Tukey HSD test. This T-statistic has interesting properties.

The same NIST Engineering_Statistics Handbook page for Scheffe's method provides a formula which directly
leads to the Scheffé p-value corresponding to an observed value of 1" as:

T2
1—F Jk—1,v
k—1

where F'() is the cumulative F' distribution with its two degrees of freedom parameters k — 1 and v. Note that k
is the number of treatments and v is the degrees of freedom of error that were established earlier.

The Scheffé p-value of the observed T'-statistic T; ; is shown below for all relevant pairs of treatments, along with
color coded Scheffé inference (red for insignificant, green for significant) based on the p-value.

Scheffé results

treatments | Scheffé Scheffé Scheffé
pair T'-statistic | p-value inferfence
Avs B 0.0854 | 0.9998274 | insignificant
Avs C 1.7925 | 0.3891847 | insignificant
Avs D 0.0000 | 1.0000000 | insignificant
BvsC 1.7072 | 0.4305041 | insignificant
BvsD 0.0854 | 0.9998274 | insignificant
CvsD 1.7925 | 0.3891847 | insignificant

Bonferroni and Holm multiple comparison

The same statistic T" for the Scheffé method, along with the number of contrasts (pairs) g being simultaneously
compared, leads to the Bonferroni formula. The NIST Engineering_Statistics Handbook page for Bonferroni method
provides a formula which directly leads to the Bonferroni p-value corresponding to an observed value of T' in the

context of simultaneous comparison of g contrasts as:
PBonferrom’ __ punadjusted

i,J Ty
. T?
P‘u.nad]usted —1_¢ v 9
i k-1

and where t () is the cumulative Student's ¢ distribution with its degree of freedom parameter v. Note that v is
the degrees of freedom of error that were established earlier. Also note that the p-value of Bonferroni
simultaneous comparison is directly proportional to g, the number of contrasts (pairs) being simultaneously
compared.

Bonferroni p-value: where

unadjusted
P as
above in ascending order and determining the sort rank R; ; of each unique pair (i,j). These sort ranks run from
1 through q. The Holm p-value for comparing a given pair (i,j) in the context of multiple comparison of g such

pairs simultaneously is:

The Holm procedure described in Aickin and Gensler (1996)_review paper requires sorting the

djusted
Holm p-value: PZ.ZI.OI’” = PZ.""]."“ Juste (g— Rij+1)
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In this first combined Bonferroni and Holm table below, we consider all possible contrasts (pairs) for simultaneous
comparion, thus g=6. The Bonferoni and Holm p-values of the observed T'-statistic T; ; for all relevant g=6 pairs

of treatments is shown below, along with color coded Bonferroni and Holm inferences (red for insignificant, green

for significant) based on the p-value.

Bonferroni and Holm results: all pairs simultaineously compared

trgatments Sg;ﬁ:ﬁ:i Bonferroni Bonferroni Holm Holm

pair T-statistic p-value inferfence p-value inferfence
Avs B 0.0854 | 5.5982150 | insignificant | 2.7991075 | insignificant
Avs C 1.7925 | 0.5518603 | insignificant | 0.5518603 | insignificant
Avs D 0.0000 | 6.0000000 | insignificant | 1.0000000 | insignificant
BvsC 1.7072 | 0.6427252 | insignificant | 0.4284835 | insignificant
BvsD 0.0854 | 5.5982150 | insignificant | 1.8660717 | insignificant
CvsD 1.7925 | 0.5518603 | insignificant | 0.4598836 | insignificant

In this second Bonferroni and Holm table below, we consider a subset of contrasts (pairs) for simultaneous
comparion, of only pairs relative to treatment A. Such a situation may be relevant when treatment A is the
control, and the experimenter is interested only in differences of treatments relative to control, thus g=3. The
Bonferoni and Holm p-values of the observed T'-statistic T; ; for g=3 relevant pairs of treatments, along with color

coded Bonferroni inference (red for insignificant, green for significant) based on the p-value.

Bonferroni and Holm results: only pairs relative to A simultaineously compared

treatments Bonferroni Bonferroni | Bonferroni Holm Holm

air and Holm -value inferfence -value inferfence

P T-statistic | ° P

Avs B 0.0854 | 2.7991075 | insignificant | 1.8660717 | insignificant
Avs C 1.7925 | 0.2759302 | insignificant | 0.2759302 | insignificant
Avs D 0.0000 | 3.0000000 | insignificant | 1.0000000 | insignificant

How to repeat & verify post-hoc Tukey HSD calculation by hand in Microsoft Excel

Microsoft Excel lacks built-in functions relating to the studentized range distribution, so even though it calculates
the Mean Square Error in one-way ANOVA, whose square root is ¢, and is aware of all the sample sizes and
degrees of freedom, it is unable to conduct the next step of post-hoc Tukey HSD comparison of treatments. To
manually conduct post-hoc Tukey HSD test calculation, you would take the mean squared error from the Excel's
one-way ANOVA output, then take its square root to determine .. You would then divide this ¢, by the square
root of Hz-,j, the harmonic mean of the relevant sample columns being compared, resulting in s; ;, for each pair of
columns (4, j). Excel has a built-in function HARMEAN(n1, n2,...) that calculates the harmonic mean. With these

. |2~
on hand, you would determine Qi,j =

P Microsoft Excel provides the relevant sample column averages
(means) to calculate the numerator. You would finally compare whether Qi,j > Qeritical- FOr this comparison, you
would obtain the critical values for the appropriate number of degrees of freedom of error (shown in Microsoft

Excel) and the number of treatments (columns) from tables of the (inverse) studentized range distribution widely

available on the web.

How to repeat & verify post-hoc Scheffé, Bonferroni and Holm calculations by hand in
Microsoft Excel

For Scheffé, Bonferroni and Holm steps, calculate the T'-statistic T; ; for all pairs by taking @; ; from the earlier

Tukey HSD step and dividing it by \/§ Calculate the Scheffé p-value of the observed T'-statistic by using Excel's
built-in formula for the F' distribution which has the form F.DIST (x,deg_freedom1,deg_freedom2,cumulative). Set
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2
its first argument x as % The second and third arguments are k£ — 1 and v. The fourth argument is set to 1.

The Scheffé p-value is calculated in Excel by the formula as 1-F.DIST (x,k—1,v,1).

For the Bonferroni and Holm comparison, take the same T'-statistic T; ; that was determined for the Scheffé step

above. Determine g, the number of pairs that are being simultaneously compared. Calculate the Bonferroni p-
value of the observed T'-statistic by using Excel's built-in formula for the t-distribution T.DIST(x,deg_freedom,,
cumulative). The unadusted p-value Punadjusted jg calculated in Excel by the formula as (1-T.DIST (T, v, TRUE) ) *2.

! The Bonferroni p-value is calculated for each pair (i, j) as PBonferroni — punadjustedy The g-element array of the

;L;‘adjuswd is sorted in ascending order to determine the sort rank R; ; for each given pair (4, 7). These sort ranks
run from 1 through g. The Holm p-value is calculated for each pair (i, j) as Pgozm = Piz.nad]uswd (q —Ri;+ 1) :

R code and Tutorial for conducting Tukey HSD, Scheffé, Bonferroni
and Holm methods

A tutorial for the solving the demo example using the free open-source academic-research-grade R statistical
package together with complete R code and output is provided here. The output of the demo example in this web
calculator for all three methods of multiple comparison are fully reproduced in R, thus further establishing the
validity of the formula and methodology discussed earlier.

Attribution: 2016 Navendu Vasavada
navendu (dot) vasavada (at) alumni (dot) upenn (dot) edu
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